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(Received 6 October 2011; accepted 28 November 2011; published online 6 January 2012) A new theoretical model for whistler-mode chorus amplification in the Earth's magnetosphere is presented. We derive, based on the free-electron laser mechanism in a high-gain amplifier, a new closed set of self-consistent relativistic equations that couple the Hamiltonian equations for particles with Maxwell's equations. We demonstrate that these equations predict, through a cubic equation, whistler amplification levels in good agreement with those observed in the Earth's magnetosphere. Discrete very low frequency (VLF) waves in the Earth's magnetosphere are emissions that arise by the interaction of gyro-resonant radiation belt electrons with whistler-like waves. There are basically two types of discrete VLF emissions: triggered emissions and chorus (see, e.g., Refs. 1 and 2 and references therein). Triggered emissions are generated by quasi-monochromatic waves from ground-based transmitters. Chorus modes are generated by whistler waves, produced by magnetospheric disturbances such as lightning discharges. Both have the characteristic feature of having typical frequencies of half the electron gyro-frequency at the geomagnetic equator, with narrow band pulses, lasting from tens of milliseconds to a few seconds, and with saturation amplitudes of more than 30 dB. They usually show a continuous frequency sweeping in the form of falling and rising tones. 3 Further analysis shows 2 that chorus waves have a fine structure consisting of pulses with large magnetic amplitudes that exhibit exponential growth reaching values of $ 300 pT or more before saturating.
Chorus waves are important because of their association with acceleration of electrons in the Van Allen radiation belts and for plasma sheet electron scattering leading to diffuse auroral precipitation. The generation and amplification of these VLF waves have been extensively studied both analytically and with simulations. [4] [5] [6] While the analytic approaches have made use of the Hamiltonian equations for the electron motion, what has been missing in the literature is an analytically tractable equation for the radiation field that brings closure to the problem of self-consistent amplification of the whistler wave.
In this letter, we propose a new relativistic model for the whistler-mode chorus amplification in the Earth's magnetosphere by exploiting its similarities with a highgain free-electron laser (FEL). 7 In a high-gain FEL, a beam of relativistic electrons, traveling in an undulator (periodic but static magnetic field), exchanges energy with an electromagnetic wave amplifying it to high gain values. 8 We first develop a closed set of relativistic equations. We then use collective variables [9] [10] [11] to derive an exact analytical expression for the radiation field (whistler field) and demonstrate that the problem of chorus amplification can essentially be reduced to the solution of an algebraic cubic equation. We then demonstrate that this simple equation makes predictions that are consistent with observations.
Spacecraft observations (see, e.g., Refs. 12 and 13) indicate that the source of the whistler wave amplification is very close to the geomagnetic equator, perhaps within 1000-2000 km of it, at about 4 Earth radii (L ¼ 4) and with a temporal scale of the order of milliseconds to a few seconds. At the distances of h ¼ 62000 km, the effect of the inhomogeneity of Earth's magnetic field on the propagation of the seed whistler wave can be neglected since typically a whistler wave length is k $ 10 km, whereas the inhomogeneity scale S ¼ B=ð@B=@rÞ $ R is of the order of one Earth radius (R $ 6371 km), that is, k ( S $ R. However, we do retain the inhomogeneity "effects" on the electron dynamics by parameterizing the electron equations of motion with respect to the height h from the magnetic equator.
We assume that a very small seed whistler wave (generated by other mechanisms, not included in the present analysis, such as anisotropy in the electron distribution function) interacts with energetic relativistic electrons close to the equatorial plane, amplifying the wave. Relativistic electrons have energies of more than 100 keV. 4 In our study of the gain mechanism, we assume that the ions are immobile and we neglect the thermal spread in the electron beam.
We now consider a monochromatic whistler wave propagating along the geomagnetic field. We use a right handed coordinate system in which the wave (geomagnetic field) propagate (point) in the z direction. The wave is described by its magnetic field B w and its phase U ¼ xt À kz þ /, such that B w ¼ B w ðtÞðx cos U þ y sin UÞ. The electron motion is given by its longitudinal (v z ) and transverse (v ? ) velocity components and its position angle (or phase) f ¼ h À U with respect to the magnetic field; here h is the phase describing the electron gyro-motion. The geomagnetic field may be very well approximated by a dipole magnetic field, which is further approximated by a parabolic equation 14 
pe =xðX e0 À xÞ. 15 Here X e0 ¼ eB 0 =m 0 is the electron cyclotron frequency due to the geomagnetic field B 0 , and x pe is the electron cold plasma frequency, assumed constant along the magnetic field line; x, e, m 0 , c, and k are the wave frequency, electron's charge magnitude and mass, speed of light, and wavenumber, respectively. Using the approximation x % f X e0 in which f < 1 (valid for whistlers), the group velocity
can derive, in the slowly varying amplitude and phase approximation, the equations that govern the dynamics of the field and phase 1, 5 dB w =dt ¼ Àðl 0 =2Þv g J E ;
(1)
In Eqs. (1) and (2), we have replaced (@=@t þ V g @=@zÞ ! d=dt since we have assumed the wave amplitude B w ¼ B w ðtÞ and phase / ¼ /ðtÞ to be only functions of time.
In doing so, we lose information on the slippage of the electron beam with respect to the radiation field, which is not germane to the linear exponential gain regime. Furthermore, the approach has the advantage of producing ordinary differential equations, and it is justified as long as k ( R. J E and J B are resonant currents (formed by the energetic electrons interacting with the wave) along the electric and magnetic components of the field. Equations (1) and (2) can be written as one single equation
where b ¼ ðe=m 0 ÞB w e i/ is the complex magnetic wave field and
cos fdðr À r j Þ, such that the complex current J is (j ¼ 1…N)
where
is the redefined electron phase (position) with respect to the wave field and N is the total number of resonant (energetic) electrons. Using Eq. (4) in Eq. (3), we find (after integrating over the volume V)
where x r ¼ ðe 2 N=m 0 e 0 VÞ 1=2 is the plasma frequency of the resonant electrons. Equation (5) describes the changing magnetic wave field (or radiation field in FEL parlance), which is driven by, not only the electrons' transverse speed but their position with respect to the field.
The relativistic equation of motion for an electron along the geomagnetic field is dðcv z Þ=dt ¼ jbjv ? sin f Àcðv
2
? =2X e ÞðdX e =dhÞ, 4 which we rewrite, using sin f ¼ ðe
if À e Àif Þ=2i with f ¼ w À /, as dp z dt
2X e dX e dh :
Here c ¼ ½1 À ðv
is the Lorentz factor,
, and h is the distance from the geomagnetic equator, and p z ¼ cv z is a "normalized" relativistic momentum. Note that the equation of motion for v ? will not be used since it can be shown 14, 16 that the variation in v ? , i.e., Dv ? , in these magnetospheric conditions, is smaller than the variations Dv z ; Db. Therefore in this study, for simplicity, the perpendicular velocity v ? ¼ v ?0 will be taken as constant. 4 This assumption is a good approximation as long as one is close to the geomagnetic equator. Otherwise, the inhomogeneity term will increase in such a way that one needs to take into account the equation of motion for v ? . For the same considerations, the relativistic equation of motion for hðtÞ is approximated by its leading term dh=dt % eB 0 =cm ¼ X e0 =c due to the ambient magnetic field (a second term due to the wave is negligible). Thus, the equation of motion for the electron phase wðtÞ is dw=dt ¼ X e0 =c À x þ kv z . In summary, the equations that describe the whistler-electron dynamics are
These closed equations have the form of the well-known equations for the description of an FEL system. 9 Note that in Eqs. (7)- (9), we have used the momentum rather than the velocity as the dynamical variable, and therefore we also need to re-express the c factor in terms of the momentum. From the relativistic energy equation
Lorentz factor can be written as c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 þ p 2 =c 2 p , where p ¼ p z þ p ? is the total "normalized" momentum. Note, as well, that no c factors appear in Eq. (9) . (Had we not assumed the perpendicular velocity as constant then a c factor would have appeared on its right hand side when substituting v ? by its dynamical equation, such as in an FEL see, e.g., Refs. 10 and 11). This system admits the energy conservation law e 2 nhcic 2 =m þ jbj 2 =2l 0 ¼ const. In analogy with the FEL, we define the resonance (or detuning) parameter d dw 0 =dt ¼ X e0 =c 0 À x þ kp z0 =c 0 ; where p z0 ¼ p z ð0Þ is the electron's initial momentum, assumed to be constant, and therefore
where v R ðx À X e0 =c 0 Þ=k is the electron resonance velocity. Therefore, d measures the deviation of the electron from resonance. We can, in principle, solve Eqs. (7)- (9), but we would need to solve 2N þ 2 equations. Fortunately, one can reduce these 2N þ 2 equations to just 3 (complex) equations. The three new equations are defined by a set of collective 010701-2 Soto-Chavez, Bhattacharjee, and Ng Phys. Plasmas 19, 010701 (2012) variables that will substitute for the dynamical variables from the original set. These collective variables are A be Àiw 0 ; (10)
where h:::i ¼ ð1=NÞ P N j ::: j . Thus A represents the radiation field. X, which is proportional to the electron phase, measures the degree of randomness of the electrons. In the FEL literature, X is called the bunching variable. Last, the collective variable Y plays the role of a weighted momentum. In order to derive the equations of motion for the collective variables we take derivatives. The derivative of A gives (d=dt : )
where we have used Eq. (9), and g ðsX e =2kc 2 Þv ?0 x 2 r is a parameter. In the same way, taking the derivative of X, we find
with the following definitions: u ¼ v ?0 =2 and e ¼ eðhÞ ¼ ð1=X e0 ÞdX e0 =dh % ð9=16Þðh=R 2 Þ. We proceed to solve the system of Eqs. (17)-(19). We take typical magnetospheric parameters. 4, 6, 12 For the initial seed whistler amplitude, we choose Aðt ¼ 0Þ Að0Þ ¼ 1s 
À1 ] means that the electrons start nearrandom in phase. We take the value of the ambient geomagnetic field (at L ¼ 4) to be B 0 ¼ 0: There we see that amplitudes of the order of &100 pT are reached after about 3 ms. From nonlinear FEL theory, it is known that saturation amplitudes are reached when jXj $ 1 and therefore one can estimate the corresponding saturation amplitudes (by plotting X and determining the time it takes to reach the value of 1) which in our case corresponds to 300 pT. These predicted values are in good agreement with observations reported in Ref. 13 , where it is shown that most of the large amplitude chorus waves (100 pT or more) have local maxima separated by time scales of a few milliseconds. These waves appear to grow exponentially before saturating. 2, 12 The last panel shows the gain GdB
, with values of 30-40 dB which is also in agreement with observations. 
010701-3
Chorus wave amplification Phys. Plasmas 19, 010701 (2012) Eqs. (17)-(19). Therefore, assuming exponential solutions of the form e ikt , Eqs. (17)- (19) give (in the limit h ! 0) the characteristic equation (or dispersion relation)
which in the non-relativistic limit becomes k 3 þ dk 2 À guk ¼ 0. This is the well-known characteristic cubic equation for an FEL system. 9, 10 The stability analysis of Eq. (20) gives one real root k 1 ¼ a and a pair of complex conjugate roots k 2;3 ¼ d6Ci. With these roots, one can construct an analytical expression for the radiation field of the form A ¼ C 1 e ik 1 t þ C 2 e ik 2 t þ C 3 e ik 3 t , where C 1 ; C 2 ; and C 3 are constants determined by the initial conditions. After a little algebra, we obtain jAðtÞj ¼ ðjAð0Þj=3Þf1 þ 4 cosh We have varied the energy of the resonant electrons, for example, for electrons with energy of 20 keV, we find the same level of gain but at longer time scale. We have also varied the wave frequency (0:3 < f < 0:5) but we do not find a significant difference in our results. We have also not seen any significant departure from our results when we turn on the inhomogeneity factor, at least within this linear approximation and at distances of h . 61000 km from the equator. Therefore, we have concentrated only on results where h ¼ 0.
In summary, we have developed, in this letter, a new theoretical model of whistler wave interaction with relativistic electrons. The model is based on a high-gain FEL and enables us to describe the amplification of whistler-mode chorus waves by a closed set of relativistic equations.
Written in collective variables, these equations lead to a cubic algebraic equation that predicts chorus wave amplification and an exact analytic expression for the radiation field. Our results predict maximum wave amplitudes and time scales in agreement with both observation and simulations studies.
It is noteworthy that the prediction of these wave amplitudes in a single resonant frequency can be done entirely in the realm of linear FEL instability theory. However, nonlinear effects inevitably become important for the description of the radiation field at saturation, which is left to future work.
There are several features of chorus waves that are not addressed in the present letter. One such feature is the chirping of chorus waves, 1,2 which we propose to account for in a future paper. Our theoretical model also does not account for falling tones (in frequency), which appear to be very oblique and have smaller amplitudes than rising tones. 3, 6 In addition to the above assumptions, we have assumed that the electrons are dominantly mono-energetic. While this may arise in a few cases, such as in triggered emissions, we do not suggest that such distributions will be observed in the magnetosphere. What we do suggest, however, is that the essential physics of chorus amplification can be understood on the basis of the high-gain FEL mechanism. A thermal spread of the beam can degrade gain, just as it does for FELs, but a correct accounting of that would require an extension of the present model. Also, although we have given here the model FEL-like equations in their nonlinear form, the numerical results presented here are entirely in the linear, high-gain regime of exponential instability. We leave the extension of the present results to the nonlinear regime to future work.
